Well-sampled optical and radio light curves of BL Lacertae in B, V, R, I bands and 4.8, 8.0, 14.5 GHz from 1968 to 2014 were presented in this paper. A possible 1.26 ± 0.05 yr period in optical bands and a 7.50 ± 0.15 yr period in radio bands were detected based on discrete correlation function, structure function as well as Jurkevich method. Correlations among different bands were also analyzed and no reliable time delay was found between optical bands. Very weak correlations were detected between V band and radio bands. However, in radio bands the variation at low frequency lagged that at high frequency obviously. The spectrum of BL Lacertae turned mildly bluer when the object turned brighter, and stronger bluer-when-brighter trends were found for short flares. A scenario including a precessing helical jet and periodic shocks was put forward to interpret the variation characteristics of BL Lacertae.
Introduction
Blazars, namely, BL Lac objects and flat spectrum radio quasars, are a subclass of active galactic nuclei (AGNs). Blazars are characterized by several properties such as high luminosity, strong variability, polarization and non-thermal emission. Analyzing the variability of blazars is a good way to understand the nature of AGNs. The characteristic time scales of blazars range from minutes to years. Based on different time scales, the variability of blazars can be divided into three classes: intra-day variability (IDV), short-term variability (STV) and long-term variability (LTV). Variations over timescales ranging from a few minutes to less than one day are defined as IDV. Flux changes over a few days to less than one month are known as STV, while LTV refers to variations observed over months to several years (Gupta et al. 2004; Fan 2005; Gaur et al. 2012) . Blazars commonly show random, significant outbursts, and the mechanism causing these outbursts are still in debate.
BL Lacertae is the prototype of BL Lac objects with a redshift z=0.069 (Miller & Hawley 1977) . Its host galaxy is an elliptical galaxy including a stellar population of about 0.7 Gyr in age (Hyvönen et al. 2007 ). BL Lacertae is a highly variable source whose extreme properties are thought to be attributed to its non-thermal emitting jet with relativistic velocity pointing close to the line of sight. It has been studied in detail by many intensive multi-frequency observations.
Quasi-periodic variations in optical and radio bands have been detected in many BL Lac objects. Raiteri et al. (2001) recognized a 5.7 yr period in the radio light curves of AO 0235+16. A ∼12 yr period was detected in the optical flux variation of OJ 287 (Villata et al. 1998; Fan et al. 2010) . Chen et al. (2014) analyzed the optical light curves of Mrk 421 and found a possible period of 1.36 yr. In particular, many authors have investigated the light curves of BL Lacertae for possible periods, leading to different results (Villata et al. 2004a) . A period of about 7.7 ∼ 7.8 yr in optical bands was verified by Smith & Nair (1995) and Marchenko et al. (1996) . Hagen-Thorn et al. (2002) found a 308 day period based on the optical light curves from 1980 to 1991. In radio bands, Kelly et al. (2003) reported a 1.4 yr period in 4.8 GHz, a period of 3.7 yr in 8.0 GHz and periods of 0.7, 1.6, 3.5 yr in 14.5 GHz flux variations. A period of about 8 yr was found by Villata et al. (2004a) based on radio observations lasting 35 years.
Analysis on the correlations of flux variations among different frequencies could shed light on the inner emitting mechanism of BL Lacertae. Villata et al. (2004b) interpreted the flux variability of BL Lacertae into two components: long-term mildlychromatic variations and intraday flares characterized by a strong bluer-when-brighter chromatism. Villata et al. (2009) found that the variation of average radio hardness ratio H mean lagged the optical outbursts by time scales varying from 100 to 300 days. Furthermore, a strong bluer-when-brighter behaviour was detected for inter-night variations, and the variations between different bands were correlated without precise time lag, except for the flare on 2005 September 6, which showed a lag of approximately 1052s between B and R band (Zhang et al. 2013) . Raiteri et al. (2013) analyzed the correlation of BL Lacertae among flux variability in well-sampled optical and γ − ray light curves of a flare started in May 2011, and a general correlation with likely no time lag was found.
In order to shed more light on the variability of BL Lacertae, long-term available optical and radio data were collected and analyzed. This paper is organized as follows: in Sect. 2, we present the long-term optical and radio light curves of BL Lacertae. The datasets in different bands are analyzed and possible periods are derived in Sect. 3, while correlations and spectral variability are discussed in Sect. 4 and Sect. 5, respectively. Results are presented in Sect. 6 and possible theoretical models which can explain variation characteristics of this object are discussed as well.
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Long-term data
BL Lacertae is a typical blazar and has been observed by many groups. In this paper, we present the historical optical and radio data of BL Lacertae from literatures, Whole Earth Blazar Telescope (WEBT), Association of Variable Star Observers International Database (AAVSO), Steward Observatory spectropolarimetric monitoring project as well as University of Michigan Radio Astronomy Observatory (UMRAO).
Well-sampled optical light curves of BL Lacertae from April 1968 to February 2014 were presented in this paper. The majority of optical data were from WEBT, including results of observations performed by WEBT campaigns (Villata et al. 2002 (Villata et al. , 2004a (Villata et al. ,b, 2009 Raiteri et al. 2009 Raiteri et al. , 2010 as well as data from literatures (Bai et al. 1999; Clements & Carini 2001; Fan & Lin 2000; Fan et al. 2001; Ghosh et al. 2000; Gu et al. 2006; Hagen-Thorn et al. 2004; Webb et al. 1998; Katajainen et al. 2000; Maesano et al. 1997; Papadakis et al. 2003; Sobrito et al. 1999; Tosti et al. 1999; Zhang et al. 2004) . Some data points from January 1997 to February 2014 were obtained from AAVSO. Part of data points in V band from October 2008 to July 2013 were obtained by Steward Observatory spectropolarimetric monitoring project (Smith et al. 2009 ).
Radio data were acquired from UMRAO, performed with the 26m paraboloid at 4.8, 8.0 and 14.5 GHz. The observing details and data reduction were described by Aller et al. (1985) .
The optical light curves in B, V, R and I bands are shown in the top four panels of background with flux density close to zero. Red dash lines in Fig. 1 show maxima of four major radio flares at JD=2444474, 2447249, 2450173 and 2453510. These flares seem like a quasiperiodic event. The strongest flare happened at JD=2444474, which corresponded to a significant flare in B band (maybe also in V, R and I bands). Whether the radio flare at JD=2447249 had an optical counterpart is unknown due to the lack of observation. The third radio flare happened at JD=2450173, when observations in V band were also carried out, but no evidence for a optical counterpart was found. The radio flare at JD=2453510 had no optical counterparts in B, V, R and I bands. Blue dot lines in Fig. 1 illustrate maxima of four major optical flares happening at JD=2447215, 2449609, 2450772 and 2451401. The optical flares at JD=2447215, 2449609 and 2451401 were found corresponding to minor radio flares, and these radio flares became less and less significant from 14.5 GHz, 8.0 GHz to 4.8 GHz. The optical flare at JD=2450772 had no radio counterparts. Similar variation characteristics were detected for another BL Lac object S5 0716+714 by Raiteri et al. (2003) , who found that the minor radio flux enhancements were simultaneous with the major optical outbursts.
Periodicity analysis
In this section we used the following methods to detect the periodicity of BL Lacertae in both optical and radio bands: discrete correlation function (DCF), first order structure function (SF) and Jurkevich method (JK). In order to eliminate the influence of nonuniformity, all optical data were firstly binned by one day, then the data in B and V bands were binned by 5 days. We primarily applied these statistical tools to light curves in B and V bands, and the results were then checked by light curves in R and I bands, because the light curves in B and V bands were comparatively better distributed.
The discrete correlation function is intended for unevenlysampled astronomical datasets, and it was described in detail by Edelson & Krolik (1988) . It turned out to be excellent for singleperiod analysis, but not for multiple periods (Fan et al. 2006) . DCF was applied to the optical light curves and the results in B and V bands were shown in Fig. 2 . Peaks of DCF imply possible periods. The possible periods in B and V bands are listed in Col. 2 and Col. 3 of Tab. 1 and marked by blue dash lines in Fig. 2 . It is noticeable that P 2 , P 4 , P 6 , P 8 and P 9 are likely to be multiples of P 1 .
Then we used SF, a powerful and well-studied method for period analysis (Simonetti et al. 1985; Paltani et al. 1997; Gupta et al. 2008) . Application of SF led to a periodogram shown in Fig seen that the results for B and V bands are in consistent with each other. Possible periods are presented in Col. 4 and Col. 5 of Tab. 1. P 2 , P 4 , P 6 , P 8 and P 9 are likely to be two, three, four, five and six times of P 1 , respectively. The Jurkevich method (Jurkevich 1971 ) is based on the expected mean square of deviation, and can probe periods without producing fake periods (Fan et al. 2010 ). Normalized V m 2 for light curves in B and V bands are shown in Fig. 4 , and the minima of V m 2 indicate possible periods. To confirm the existence of periods, we adopted the False Alarm Probability (FAP) to provide a quantitative criterion (Horne & Baliunas 1986; Fan et al. 2010) . The horizontal dash lines in Fig. 4 represent FAP level of 0.01, namely, significance level of 0.99. The possible periods are listed in Col. 6 and Col.7 of Tab. 1. It can be seen that P 2 , P 4 , P 6 , P 8 and P 9 are possible multiples of P 1 .
DCF, SF and JK were applied to the optical light curves of BL Lacertae. Different bin sizes were used in the calculation and the results showed no significant difference. All results are shown in Tab. 1 and confirmed a possible period of 1.26 ± 0.05 yr, because this period as well as its harmonics P 2 , P 4 , P 6 , P 8 and P 9 are apparent. Possible periods of 3.44 ± 0.07, 4.72 ± 0.13 and 6.01±0.03 yr were also probed. All possible periods are also obvious for light curves in R and I bands by the application of above-mentioned methods.
The same analysis methods were also performed on radio light curves obtained from UMRAO. Fig. 5, Fig. 6 and Fig.7 present the results derived by DCF, SF and JK, respectively. The two strongest signals are 7.50 ± 0.15 yr and its harmonic 15.37 ± 0.36 yr. All results are listed in Tab. 2, as well as labeled by blue dash lines in Fig. 5, Fig. 6 and Fig.7 . This 7.50 ± 0.15 yr period is also in accordance with the time intervals between maxima of flares in radio bands labeled by red dash lines in Fig. 1 . The 1.26 ± 0.05 yr period detected in optical bands was not probed in radio bands. 
Correlation analysis
The analysis of a time delay between different bands is very important, because it can provide useful information for the emission mechanism. The correlations between optical and radio bands are of particular importance, which are both attributed to synchrotron radiation (Raiteri et al. 2003) . In this section, DCF was used to detect the correlation between different bands (Edelson & Krolik 1988) . Two sets of data presenting the flux variations of two different bands were imported into discrete correlation function, and positive lags of DCF indicated that the variation of the second band delayed the first band by the lag calculated.
Optical-optical correlation
According to the light curves shown in Fig. 1 , it is evident that the variations of all optical bands follow the same trend, and flares emerge roughly simultaneously. The results of DCF analysis are presented in Fig. 8 . Each peak of DCF is broad, and hardly can a precise lag be determined, so Gaussian Fitting was applied to determine the centre. The results showed that flux variations in B band may be delayed with respect to those in V, R and I bands by 0.330 ± 0.468, 0.343 ± 0.421 and 0.262 ± 0.723 day, respectively. The computation of Gaussian Fitting was of big uncertainty, and the derived delay was less than the resolution of DCF (0.5 day). Furthermore, it was meaningless to improve the resolution of lag due to the lack of better-sampled light curves. Therefore, good correlation was found between optical bands, but we could not derive a precise and reliable lag smaller than 0.5 day. Villata et al. (2002) and Wang (2014) also investigated the correlation between light curves of BL Lacertae in different optical bands, and no significant and measurable time delay was found. Our results indicate that there are no reliable time delays between different optical bands.
Optical-radio correlation
Possible time delay between V band and radio bands was also investigated. The magnitude in V band was converted to flux density using the zero magnitude equivalent flux density given by Mead et al. (1990) . Fig. 9 shows the results of DCF. Very weak correlation was found between optical and radio bands. There is no positive peak at zero time lag, which illustrates the flux variation in optical band has no obvious and simultaneous duplicates in radio bands. The weakness of DCF peaks leads to the conclusion that there is no reliable correlation between V and radio bands for BL Lacertae. Similar result was also presented by Raiteri et al. (2003) for BL Lac object S5 0716+714.
Radio-radio correlation
The radio bands reveal similar behaviour according to the light curves shown in Fig. 1 . DCF was also used to detect the correlation between radio bands, and the results were shown in Fig. 10 . The variation at 4.8 GHz lags that at 8.0 GHz by 58.2 ± 2.3 days and lags that at 14.5 GHz by 87.2 ± 3.2 days, while the variation at 14.5 GHz leads that at 8.0 GHz by 23.8 ± 2.1 days. It is noticeable that the delay bewteen 4. tween 4.8 and 14.5 GHz within error, and the variation at higher frequency leads that at lower frequency.
Spectral variability
The spectral variability of BL Lacertae with respect to its brightness was analyzed in this section. Many authors have done researches on this topic. The results of Racine (1970) and Vagnetti et al. (2003) all came to a conclusion that BL Lacertae tended to be bluer when brighter. Optical data of B, V, R and I bands were binned by one day, then data points in the same day were taken as quasi-simultaneous data. Color indexes, B − V, B − R and B − I were calculated. In order to compare the color variability on long-term trend and short flares with a time scale of tens of days, we chose three short flares with enough quasisimultaneous data points. The durations of the three short flares are: short f lare 1 (2450627 ∼ 2450782), short f lare 2 (2452088 ∼ 2452138) and short f lare 3 (2453191 ∼ 2453284). The linear fitting slope S of color index versus B magnitude was taken as the color variability indicator (Hu et al. 2011) . The color variability indicators of long-term variability and short flares were derived and compared. The results are shown in Fig. 11 . Panels in the left column illustrate the relationship between B and B − V, while panels in the middle and right columns show the trends of B varying with B − R and B − I, respectively. Panels in the four rows from top to bottom display the trends of long-term variation, short f lare 1 , short f lare 2 and short f lare 3 , respectively. The label marking long-term trend or short flares, as well as the color variability indicator S are given in each panel. Positive correlations between color index and brightness were found for all cases. All results are listed in Tab. 3. In Tab. 3, Col. 1 presents the names of color indexes; Col. 2 labels whether the calculation is based on longterm data or short flares; Col. 3 is the time span of long-term data set or short flares; Col. 4 presents color variability indicator S ; Col. 5 lists ∆S = S f lare − S long−term ; Col. 6 refers to the average of ∆S for each color index. According to the results, S of short flares are commonly larger than that of long-term variation, and it is interesting that ∆S becomes larger from B − V, B − R to B − I. So we conclude that the spectrum turns mildly bluer when the source turns brighter, and the spectral variability indicator is bigger on short flares. This difference between long-term trend and short flares becomes more evident with wider spectral span. Our result is in accordance with the result of Villata et al. (2004b) , who interpreted the variability of BL Lacertae in terms of a "mildly-chromatic" longer-term trend as well as a "stronglychromatic" shorter-term one.
Summary and discussion
Well-sampled historical optical light curves in B, V, R and I bands and radio light curves in 4.8, 8.0 and 14.5 GHz of BL Lacertae were analyzed, and our main results are as follows:
-Optical and radio behaviours of BL Lacertae appeared different. The flares in optical bands commonly corresponded to minor or even no radio flares, which became more inconspicuous with frequency decreasing. Some major flares in radio bands had no optical counterparts, but the greatest radio flare which reached its maximum at JD=2444474 corresponded to a significant optical flare. -Possible periods of 1.26 ± 0.05, 3.44 ± 0.07, 4.72 ± 0.13 and 6.01 ± 0.03 yr were detected in optical bands by three methods. Among all these possible periods detected in optical bands, the 1.26 ± 0.05 yr period is the surest one. And a clearer evidence of a 7.50 ± 0.15 yr period was found from the radio light curves in 4.8, 8.0 and 14.5 GHz, in accordance with the ∼ 8 year period found by Villata et al. (2004a) . -Good correlations were found for variations in optical bands at different frequencies. No reliable time delay could be determined by DCF. The variations in radio bands were wellcorrelated too, and the application of DCF confirmed the existence of time delay: the variation at 4.8 GHz lagged those at 8.0 GHz and 14.5 GHz by 58.2 ± 2.3 days and 87.2 ± 3.2 days, respectively, and the variation at 14.5 GHz led that at 8.0 GHz by 23.8 ± 2.1 days. However, very weak correlation was found between V band and radio bands. -For long-term variation, the spectrum of BL Lacertae turned mildly bluer when the object turned brighter, and stronger bluer-when-brighter trends were found in short flares. With a wider span of spectrum, the bluer-when-brighter trend in flares became more evident.
The unified model of AGNs includes a supermassive black hole in the center of host galaxy and an accretion disk surrounding it. Periods in flux variability of blazars may be caused by ballistic or nonballistic helical trajectories in jets, which leads to a periodically changing viewing angle. According to Rieger (2004) , the observed period of nonballistic helical motion is shorter than the real physical driving period due to light-travel time effects. Rieger (2004) also discussed the possible range of period for three nonballistic periodic driving mechanisms: (1) observed periods P obs 10 days for massive quasars, or P obs on the order of 1 day for BL Lac objects, may be attributed to internal jet rotation, (2) periodicity due to orbital-driven helical motion in a binary black hole system (BBHS) is usually constrained to P obs 10 days, and (3) Newtonian-driven precession in a ballistic or nonballistic helical jet caused by a close BBHS can account for P obs 1 year. The periods we detected are all in the order of magnitudes of 1 year, but the difference between periods detected in optical and radio bands is confusing and inspiring.
Different behaviors in optical and radio variations were unfolded, and the correlation between optical and radio flux variations was very weak. Villata et al. (2004a) introduced a scenario that the mechanisms leading to optical outbursts could also affect the lower energy flux variations. Therefore, the correlation and the possible delay between optical and radio variation became less evident with the radio frequency decreasing. Raiteri et al. (2003) also derived a similar result from the longterm behaviour of another BL Lac object S5 0716+714, who believed that the mechanism responsible for optical outbursts could only marginally affect the radio bands, and another process not affecting the optical bands led to the dominant radio events.
Assuming that the jet precesses at a certain angular velocity, we can hardly use a single ballistic or nonballistic helical jet model to account for different periods detected in the optical and radio bands. Therefore, we consider that the flux variation of BL Lacertae can be roughly interpreted by a precessing helical jet with periodic shocks. In this scenario, periodic shocks trigger the optical variation in a period of 1.26 ± 0.05 yr produced at inner denser parts of the jet, but the affect of shocks is insignificant when they are propagated to the more external region where radio emission generated. Therefore, the 7.50 ± 0.15 yr period found in the radio flux variations may be caused by the precessing jet. Because of the lighthouse effect of precessing jet, the radio flux variation appears as flares superposed on a long-term background with its flux density close to zero . We also found that the radio variations at higher frequencies led those at lower frequencies obviously, and the lag was larger with the frequency interval elongating. The viewing angle changes with helical jet movement leads to the change of Doppler factor, which results in the lags between different radio bands inherently, because different frequency emitting portions of the jet need the same viewing angle Raiteri et al. 2003) . On the other hand, this scenario could typically describe the strong bluerwhen-brighter phenomena we found in the optical flares, because the electron cooling mechanism leads to larger amplitude at higher frequency without any delay (Wu et al. 2007; Wang 2014) . Villata et al. (2009) detected the correlations between the optical flux densities and the average radio hardness ratio H mean , and found that the hard radio events lagged behind the optical outbursts with time scales varying from 100 to 300 days. This phenomena could also be interpreted by our scenario: although the shocks become negligible in the radio flux emitting region, they still make the spectrum harder.
In this paper, long-term and well-sampled optical and radio light curves of BL Lacertae from April 1968 to February 2014 were presented. Then periodicity analysis methods were applied to the light curves to detect possible periods. Correlations between different frequencies were detected and long-term optical spectral variability was analyzed as well. Finally a proper scenario was put forward to describe variable characteristics of this object. This scenario could explain the long-term optical and radio behaviour of BL Lacertae fairly well, but it is still worth inquiring that very weak correlation was found between optical and radio flux variation. More well-sampled long-term observations and studies are needed for further understanding of the radiation mechanism.
